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Models  of r u b b e r l t k e  b o d i e s  a r e  c o n s t r u c t e d  th rough  s p l i t t i n g  of the t e n s o r  of to ta l  f ina l  s t r a i n s  
of the m a t e r i a l  into t e n s o r s  of t h e r m a l  s t r a i n s  and e l a s t i c  s t r a i n s ,  r e s p e c t i v e l y ,  a c c o r d i n g  to 
the t h e r m o d y n a m i c s  of i r r e v e r s i b l e  p r o c e s s e s .  

Many rubberlike materials admitting larger reversible strains are quite accurately described by the vis- 
coelastic model (Kelvin body) with inclusion of thermal strains [i-3]. Here the total displacements u of par- 

tieles of a material are represented as sums of a thermal component u t and an elastic component Ue, just as 
in the case of an elastoplastic medium [4]. Such an approach makes it possible to demonstrate that thermal 
and elastic strains are incompatible apart, that the total strain of a medium with a Cauchy measure is equal 
to the product of the tensor of the thermal displacement by the tensor of the elastic displacement components, 
and that the relative density of a material can be represented as the product of the thermal relative density by 
the elastic relative density. 

Three rheological models (Fig. la, b, c) have been proposed for describing the properties of rubberlike 
materials. The rectangles with the letters E, V, T represent respectively the elasticity element, the viscosity 
element, and the thermal element. Element T accounts only for thermal strains and does not affect the stress 
tensor in a theological model. It will be demonstrated here that, if in the determining equations for model ib 

one approaches the limit where the elastic strains in element E 2 approach zero and the elasticity coefficients 
then change  so  as  to  l e a v e  s t r e s s e s  f in i t e ,  mode[  l a  wi l l  a t  the  l i m i t  a p p r o a c h  m o d e l  l b .  I t  fo l lows  f r o m  h e r e  
tha t  mode l  l a  wi l l  not be t h e r m o d y n a m i c a l l y  i n c o n s i s t e n t ,  if  r e g a r d e d  as  the  l i m i t i n g  c a s e  of  m o d e l  l b  in the  
g iven  s e n s e .  Let  us c o n s t r u c t  the  d e t e r m i n i n g  equa t ions  fo r  the  r h e o l o g i c a l  mode l  l a .  

1. Let  the  l o c a t i o n  of a p a r t i c l e  of a r u b b e r l i k e  m a t e r i a l  in i ts  i n i t i a l  u n d e f o r m e d  s t a t e  0 at  the  i n i t i a l  
t e m p e r a t u r e  T 0 b e d e f i n e d b y  v e c t o r  r 0 and i ts  l o c a t i o n  in the  d e f o r m e d  s t a t e  2 at  the  t e m p e r a t u r e  T be def ined  
by  the v e c t o r  r 2. F i c t i t i o u s l y  we d iv ide  the  e n t i r e  body into s m a l l  p a r t i c l e s  and def ine  the  i n t e r m e d i a t e  s t a t e  
of s t r e s s  1 of each  p a r t i c l e  a t  the  in i t i a l  t e m p e r a t u r e  T O by v e c t o r  r 1. The t r a n s i t i o n  f r o m  s t a t e  0 to s t a t e  1 
can  be c h a r a c t e r i z e d  by an e l a s t i c  d i s p l a c e m e n t  u e and the t r a n s i t i o n  f r o m  s t a t e  1 to  the f inal  s t a t e  2 can  be  
c h a r a c t e r i z e d  by  a t h e r m a l  d i s p l a c e m e n t  u t .  The  to ta l  d i s p l a c e m e n t  u of p a r t i c l e s  of the m a t e r i a l  f r o m  s t a t e  0 
to  2 wi l l  be r e l a t e d  to d i s p l a c e m e n t s  u t and Ue th rough  the e q u a l i t y  

u - - u t  § u~. (1) 

The t h e r m a l  s t r a i n s  of the  m a t e r i a l  a r e  a s s u m e d  to be i s o t r o p i e .  The t e n s o r s  C of f inal  s t r a i n s ,  C t of  t h e r m a l  
s t r a i n s ,  and C e of e l a s t i c  s t r a i n s  of the m a t e r i a l  wi l l  be e x p r e s s e d  th rough  c o r r e s p o n d i n g  Cauchy  t e n s o r s  in 
F u l e r  v a r i a b l e s  

a t  = lim0rl/0r2, 35 --  tim0ro/0rl, 3 = dr0/0r2 = 3e.3 t, (2) 

C - 3 " - 3 ,  C t = a ~ . a t ,  C ~ = a ~ . a e .  

The s y m b o l  " l im"  deno te s  t r a n s i t i o n  to the  l i m i t  in the f iCt i t ious i n f i n i t e s i m a l  c o m m i n u t i o n  of p a r t i c l e s  of the 
m a t e r i a l  for  the p u r p o s e  of r e a c h i n g  s t a t e  1 f r o m  s t a t e  2 t h rough  a f o r m a l  change  of the  t e m p e r a t u r e  T to i t s  
i n i t i a l  l e v e l  T 0. Each  f ie ld  of d i s p l a c e m e n t s  u t and u e is  i n c o m p a t i b l e  and f o r ~  s a none qu iva l e n t  s p a c e .  T h e r e -  
f o r e  t e n s o r s  Ct and C e s e p a r a t e l y  cannot  s a t i s f y  the  equa t ions  of c o m p a t i b i l i t y .  The t e n s o r s  of the r a t e s  of 
t o t a l ,  e l a s t i c ,  and t h e r m a l  s t r a i n s  wi l l  be i n t roduc e d  h e r e  in  the  f o r m  

g = - -  sym (3 -~.  3") sym (grad v) : ee + e t, (3) 

e e = - - s y m ( 3 e l " ~ ' ) ,  e t - - - - a t " a t l ,  

V inn i t s a  P o l y t e c h n i c  In s t i t u t e .  T r a n s l a t e d  f r o m  I n z h e n e r n o - F i z i c h e s k i i  Z h u r n a l ,  Vol.  41,  No. 1, pp.  
82-89 ,  J u l y ,  1981. O r i g i n a l  a r t i c l e  s u b m i t t e d  May 20, 1980. 

736 0 0 2 2 - 0 8 4 1 / 8 1 / 4 1 0 1 - 0 7 3 6 5 0 7 . 5 0 � 9  1982 P l enum Pub l i sh ing  C o r p o r a t i o n  



~ - ,  , ,  , -  LEEJ L]_J 
a) ~ mz__] b) c) 

F ig .  1. S i m p l e s t  r h e o l o g i c a l  m o d e l s  of r u b b e r l i k e  m a t e r i a l s  with 
t h e r m a l  s t r a i n s  r e s u l t i n g  (a, b) and not r e s u l t i n g  (e) in i n t e r n a l  
v i s cous  s t r e s s e s .  

w h e r e  v is the  v e l o c i t y  of p a r t i c l e s  of the  m a t e r i a l .  

Wi thout  d e t r a c t i n g  f r o m  the g e n e r a l i t y ,  one can  r e g a r d  the  t e n s o r  3 t as  a s p h e r i c a l  one 

9 t ~ 3 t �9 I, (4) 

w h e r e  9 t is the s c a l a r  funct ion  of t h e r m a l  expans ion .  A p p l y i n g  the t h e o r e m  of p o l a r  expans ion  to t e n s o r s  D 
and 3 e '  then  u s i n g  e x p r e s s i o n  (4) and the e q u a l i t y  3 = 3 t . g e ,  we f i r s t  e s t a b l i s h  the  r e l a t i o n  be tween  the 
t e n s o r  of f inal  s t r a i n s  of  the  m a t e r i a l  and the t e n s o r s  of i t s  e l a s t i c  s t r a i n s  and of i ts  t h e r m a l  s t r a i n s  

C =: Ct.C~. (5) 

Let  Re ,  II t ,  and R denote  the  r e l a t i v e  changes  in the  d e n s i t y  of the  m a t e r i a l  upon t r a n s i t i o n s  0 -1 ,  1 - 2 ,  
and 0 -2 ,  r e s p e c t i v e l y .  T h e s e  r e l a t i v e  changes  in d e n s i t y  a r e  d e t e r m i n e d  by the e q u a l i t i e s  

R~=:det3e ,  Rt =Dat '  / ? = d e t 3 - - R  t r y .  (6) 

F r o m  the  equa t ion  of  m a s s  c o n s e r v a t i o n  and f r o m  the i ndependence  of  R t and  R e we find, with the  a id  of 
r e l a t i o n s  (6), t ha t  R t and R e s a t i s f y  the ind iv idua l  equa t ions  of m a s s  c o n s e r v a t i o n  

R t @ R t  ( e r : l ) = 0 ,  / ? e @ / ~ e ( e ~ : l ) : 0 .  (7) 

In the  s p e c i a l  c a s e  of i n c o m p r e s s i b l e  e l a s t i c  s t r a i n s ,  r e l a t i o n s  (6), (7), and (3) y ie ld  

R ~ =  1, e ~ : ! = 0 ,  divv-~ 3 d l n C t  ._0,  CIC2Ca=:C~,  
2 dt  

(s) 

w h e r e  C i a r e  the p r i n c i p a l  va lues  of the  C - t e n s o r .  E q u a l i t i e s  (8) m u s t  be used  fo r  c o n s t r u c t i n g  a mode l  of a 
r u b b e r l i k e  body with i n c o m p r e s s i b l e  e l a s t i c  s t r a i n s .  

We wi l l  a s s u m e  tha t  the  i n t e r n a l  e n e r g y  U, the  e n t r o p y  S, and the f r ee  e n e r g y  A = U - TS depend  on T 
and on C e.  Then the Gibbs  t h e r m o d y n a m i c  equa t ion  [5, 6] can  be w r i t t e n  in the  f o r m  

dA @ SI lT  = M o d T  @ M~ : dC~. (9) 

From this, by virtue of the differentials dT and dC e being independent, we obtain 

S - ?/Io - -  OA/aT,  Me = aA/ace.  (10) 

In o r d e r  to c l o s e  the s y s t e m  of d e t e r m i n i n g  e qua t i ons ,  i t  is n e c e s s a r y  to  app ly  the  f i r s t  law of t h e r m o -  

d y n a m i c s  

PU := ~ : e - -  divq, (11) 

w h e r e  ~ is the t e n s o r  of  t r ue  s t r e s s e s  and q is the  v e c t o r  of t h e r m a l  f lux,  and to u s e  the  C l a u s i u s - D u h e m  

i ne qua l i t y  

T -~ (q grad T) -k pMoT ,-k pM~ : C~ - -  ~ : e 4 0 .  (12) 

Note m u s t  be  t a k e n  of  the  p e c u l i a r i t y  of t h e r m a l  s t r a i n s  tha t ,  un l ike  e l a s t i c ,  v i s c o u s ,  and p l a s t i c  s t r a i n s  (or  
s t r a i n  r a t e s )  in the  d e t e r m i n i n g  e q u a t i o n s ,  t hey  a r e  r e l a t e d  not to s t r e s s e s  but  to the t e m p e r a t u r e .  The s i r e -  
p l e s t  t e m p e r a t u r e  d e p e n d e n c e  is a l i n e a r  one 

In C t -- - -  2a ( T -  TO) , (13) 

w h e r e  a i s  the  c o e f f i c i e n t  of  t h e r m a l  expans io n .  In g e n e r a l i z i n g  the r e l a t i o n  (13), one can  r e g a r d  G as d e p e n -  

dent  on T and C e o r  in  a s t i l l  m o r e  g e n e r a l  c a s e  
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Ct = C t (T, C~). (14) 

No e x p e r i m e n t a l  s tudy has  yet  r e v e a l e d  a dependence  of t h e r m a l  s t r a i n s  on e l a s t i c  s t r a i n s  and,  t h e r e -  
f o r e ,  such a dependence  mus t  s t i l l  be  r e g a r d e d  as a t heo re t i ca l  pos s ib i l i t y  only.  

In the t heo log ica l  model  l a  the t e n s o r  of t r ue  s t r e s s e s  a is equal  to the s u m  of s y m m e t r i c  t e n s o r s  of 
e las t ic  s t r e s s e s  s e and v i scous  s t r e s s e s  s v 

~ = s v + s ~ ,  s o = % ( T ,  C~), s ~ = % ( T ,  C~, e~,). (15) 

We add the a u x i l i a r y  equality 

o : e = So : so -1- s~ : e ~ - -  1/2 [(so + s~) d In Ct /d t  ] : i. (16) 

The symmetric tensors M e and OCt/3C e 
with C e. Using this property and equality (16), we transform the inequality (12) to 

T_l(q.gradT)+(pMo + (~:12 OlnCt )'F--{[ 

a r e  t e n s o r  funct ions  of T and C e and,  t h e r e f o r e ,  c o m m u t a t i v e  

+ ( S e : l )  OlnCt-'eeoee q " s e ] : e e } - - [  sv. +(sv:l)01n'Ct0ce " C e ] : e v ~ O .  

(17) 

An ana lys i s  of the t h e r m o d y n a m i c  inequal i ty  (17) y ie lds  

a :  I 01nC t q = - - A g r a d T ,  A ~ / 0 ,  M o =  
29 OT 

OA 0 In Ct 
so = - -  2 9 - - "  Ce ' Ce (so : l), 

0C~ 0C~ 

[ so - -  (s, : l) O l n C t  . r  . ~ 0 .  % 
ace J 

(18) 

Resolving the third of equalities (18) with respect to Se, we obtain 

[ (01net)]-,  0A s o = 2 9  OlnC~t C { Oil :Co) 1 +  - - : C o  - - 2 p - ~ . C ~ .  (19) 
oco ok oco oce 

After the expression (18) for M 0 has been inserted into the equality (i0) for s, it becomes evident that 

the state function S depends not only on T and C e but also on the invariant a:I and consequently on e v. It fol- 

lows immediately that the internal energy U can also depend not only on T and C e but also on ev, which con" 

tradicts the thermodynamic definitions of internal energy and of entropy. This inconsistency of relations (18) 

can be removed in various ways. One can assume 

s, : I = 0, (20) 

with no bulk v i s c o s i t y ,  e . g . ,  which is s o m e t i m e s  done in the  c a s e  of a v i s cous  gas .  A d r a w b a c k  of condi t ion 
(20) is that  in the c a s e  of a n i s o t r o p i c  t h e r m a l  s t r a i n s  an a s s u m p t i o n  analogous  to (20) would lead to the cond i -  
t ion s v = 0, i . e . ,  to the absence  of the v i scous  e l e m e n t  in the model  l a .  

We in t roduce  the nota t ion  

N~ = s~ + (s, : l) Ce.a In Ct/aC o. (21) 

Reso lv ing  e x p r e s s i o n  (21) with r e s p e c t  to Sv, we obtain  

S o ~ N a - -  (N a : I) [1 ~- Co : 0 In Ct/OCe] -1 C o. 0 In Ct/OC~. (22) 

E x p r e s s i o n  (21) t r a n s f o r m s  the l a s t  of inequal i t ies  (18) to 

Na(T, Ce, ~ v ) : ~ v ~ 0 .  (23) 

The  s i m p l e s t  dependence  of the t e n s o r  funct ion N a on e V which s a t i s f i e s  inequal i ty  (23) is 

Na = ~a (T, Co) (~v : 1) 1 + 2~)a (T, C~) ~ ,  ~a ~ 0, ~la ~ 0, (24) 
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w h e r e  ~a and rla a r e  v i s c o s i t y  c o e f f i c i e n t s .  When condi t ion  (20) is s a t i s f i e d ,  then the e q u a l i t y  s v =Na,  ~a = 0 
wil l  hold t r u e .  

2. We wi l l  now d e m o n s t r a t e  tha t  the  d e t e r m i n i n g  equa t ions  fo r  the mode l  l b  a r e  not t h e r m o d y n a m i c a l l y  

moons  t s ten t  and tha t  t h e r e  is an u l t i m a t e  e x p r e s s i o n  fo r  t h e m  which c o r r e s p o n d s  to an e l a s t i c i t y  e l e m e n t  E 2 
w h e r e  s t r a i n s  have  van i shed .  Then ,  f o r m a l l y ,  mode l  l b  b e c o m e s  m o d e l  l a .  The  d e f o r m a t i o n  of the m a t e r i a l  
a c c o r d i n g  to  the  m o d e l  l b  is  d e t e r m i n e d  by  the t e n s o r s  3 ~, 92 and 9 t ,  s i m i l a r  to the  t e n s o r s  (2). Without  d e -  
t r a c t i n g  f r o m  the  g e n e r a l i t y ,  one can  r e g a r d  the t e n s o r  92, a s  a s y m m e t r i c  one and the t h e r m a l  s t r a i n s  as  i s o -  
t r o p i c  ones .  The  t e n s o r  b t wi l l  be a s p h e r i c a l  one 

9t r':/2I 33 3; =-C~/-~ 

The t e n s o r s  of f ina l  s t r a i n s  C1, C2, Ct and the t e n s o r s  of s t r a i n  r a t e s  e l ,  e2, a t in the  r h e o l o g i c a l  e l e -  
m e n t s  F 1, F 2, and T a r e  

Q = 9 1 ~ . 3 ,  Co.=3~.3,,_ C t = 9 2 t l '  
, - 1  - 1  (25)  

eo =- - -  sym (371. 32 ~ 32 .31 ' 31" 32 - -3 ]  -I '31), 

e t = - -  9 t l g t  1. 

The expressions for the tensors q, e 2 have the form of a recurrence relation and satisfy the equality 

e = elq-  e . +  %, (26) 

w h e r e  e is  the  t e n s o r  of to ta l  s t r a i n  r a t e  in the  m a t e r i a l .  In the  r h e o l o g i c a l  mode l  l b  hold t r u e  the  r e l a t i o n s  

= s l + s ~ = s ~ ,  e l = e ~ ,  E l = Q . .  (27) 

J u s t  as  in the  mode l  l a ,  we a s s u m e  h e r e  that  the s t a t e  funct ions  U, S, and A depend  on T,  C 1, and C2. We 
w r i t e  the second  law of t h e r m o d y n a m i c s  as  

: e - -  pM0(r - -  pM~ : i;2 - -  9M1 : C 1  - -  T- I  (q grad T) ~ O, (28) 

S = Mo - -  OA/OT, Mi = OA/OCi ( i = l, 2). 

The f i r s t  t e r m  a :  e in e x p r e s s i o n  (28) we then  t r a n s f o r m  t o  

g : g = S 1 ~' e 1 @ S v : e I @ S 2 : e 2 @ 0 ~ -" ~;[ .  (29) 

By v i r t u e  of r e l a t i o n s  (25) and (29), the  i n e q u a l i t y  (28) can  be s p l i t  into two e x p r e s s i o n s  

q = - - A g r a d T ,  A ~ 0 ,  

C1/2 _ r - -1 /2  @ A  oCl-~-(o': I) 01nCt : e 1 -  2 . o - ~  + 29 
0C1 (30)  

The coe f f i c i en t  of T ins ide  b r a c k e t s  in i nequa l i t y  (30) does  not depend  on T.  
e x p r e s s i o n  and,  t h e r e f o r e ,  th i s  c o e f f i c i e n t  m u s t  b e c o m e  equal  to z e r o  

9M o +  (s , : I ' )  0 tnCt  _ 0 ,  i.e., S OA (s2: l )  
2 OT OT 29 

N e i the r  do a l l  o t h e r  t e r m s  in th i s  

0 In Ct (31) 
OT 

The coe f f i c i en t  of 371.3~ ins ide  b r a c k e t s  in i ne qua l i t y  (30) does  not  depend  on the t e n s o r s  of s t r a i n  r a t e s  e 1 
and e2, s i n c e  it is  d e t e r m i n e d  only  by the p r o p e r t i e s  of the e l a s t i c  e l e m e n t  E 2. A s s u m i n g  tha t  a l s o  a l l  r e -  
m a in ing  t e r m s  in e x p r e s s i o n  (30) do not  depend  on 371.3~, we conc lude  tha t  a l so  th is  coe f f i c i en t  m u s t  b e c o m e  

equal  to z e r o  

s 2 + ( s 2 : l )  OlnCt .C2+29  OA -C2=0 .  (32) 
OC~ OC~ 

E x p r e s s i o n  (32) y i e l d s  

~ -  s2=  29 ( OA 
0C2 

- -  : C2 'C~- -29  0A .C~. (33) 
0C~ aC2 - aC~ " 
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The thus simplified inequality (30), on the basis of expressions (31) and (32), can be written in the form 

I ] �9 s~C; - ' /2  + 2,0 c~ + (s~ : I) . C ! : ~ + 4- (s~" I) . Q  : e~ ~ 0. 
- d e ,  ' dC1 

The value of the coef f ic ien t  of e, in e x p r e s s i o n  (34) is d e t e r m i n e d  by the e l a s t i c  p r o p e r t i e s  of the rheo iog iea l  
e l e m e n t  Et ,  these  p r o p e r t i e s  depending on et. T h e r e f o r e ,  equat ing this  coef f ic ien t  to z e r o  will  yield an equa -  
t ion d e s c r i b i n g  the p r o p e r t i e s  of the rheo log iea l  e l a s t i c i t y  e l e m e n t  E , ,  n a m e l y  

[( OA ) ( 01nC t )-t OlnCt .C~ OA .C~] 2 . _ _  .C~/>  (35)  
s~ = 2pC7 ~/2. ~ : C, 1 + 0C~ : C~ 0Q 0C~ 

With the aid of this equation, we now rewrite inequality (34) as 

Nb (T, Q, C2, ~o) : ~o ~ 0, (36) 

where  

~,/2 ~- t /2  1) Q . a  In Ct/aQ. N b = b 2  s v t,2 -q-(Sv: 

The tensor of stresses s v in the viscosity element V can be expressed through the tensor of stresses N b in the 

form 

i ( )-* 0 l n C  t ~]#-,1/2 (37) s~=C~ -!/2. Nb--(Nb:I) 1 -L 01ne t  :C, . . . . . .  ~ i , ' , , 2  �9 
' 0C 1 0C1 J 

The s i m p l e s t  dependence  of the N b - t e n s o r  on e v which s a t i s f i e s  inequal i ty  (36) is 

' ~ (T, C,, C ~ ) ~ ,  ~ b / > 0 ,  llb>~0, Nb =: ~b(T, Ci, C~) (e~ : I) I ~ 21~ (38) 

where ~b and ~b are viscosity coefficients. 

The system (31), (33), (35), (37), (38) constitutes the determining equations for the model lb. In con- 

trast to the preceding case, here the entropy (31) is, according to relation (33), a state function so that the 

model ib, unlike the model la, is not thermodynamically inconsistent. 

The model la can be obtained from the model ib through passage to the limit where strains in the elas- 

ticity element E 2 vanish. In the passage to the limit it is necessary, at the same time, that the elastic pro- 

perties of element E 2 which appear in the expression for the free energy A assume those limiting values which 

will ensure the equality a = s 2 (33), where the tensor of true stresses a has been assumed to have some fixed 

value 

C2--+ lwhen s2 = ~ = const. (39) 

The en t ropy  in the e x p r e s s i o n  for  it a lways  r e m a i n s  a s t a te  funct ion dur ing  p a s s a g e  to the l imi t ,  but not any 
m o r e  in the u l t ima te  e x p r e s s i o n  (10) fo r  it. All o the r  d e t e r m i n i n g  equat ions  f o r  the model  l b  b e c o m e  at the 
l imi t  the c o r r e s p o n d i n g  equat ions  fo r  the model  l a .  

3. T h e r m a l  s t r a i n s  of a c l a s s i c a l  v i scous  fluid a r e  accounted  for  only in the equat ion which r e l a t e s  the  
h y d r o s t a t i c  p r e s s u r e  to the dens i ty  and the t e m p e r a t u r e .  I ts  v i scous  p r o p e r t i e s ,  h o w e v e r ,  such a fluid exhibi ts  
i m m e d i a t e l y  with the a p p e a r a n c e  of a s t r a i n  r a t e  and r e g a r d l e s s  of what  has  p roduced  it, whe the r  m e c h a n i c a l  
ac t ion  o r h e a t i n g .  Such a m a n i f e s t a t i o n  of the  v i scous  p r o p e r t i e s  can be i n c o r p o r a t e d  in a rheo log ica l  mode l  
d e s c r i b i n g  the p r o p e r t i e s  of r u b b e r l i k e  m a t e r i a l s .  A mode l  l ike this is shown in Fig.  l c .  

The d e f o r m a t i o n  of the m a t e r i a l  is in this  model  d e t e r m i n e d  by  the t e n s o r s  ~ and 3 t (2), the  3 t - t e n s o r  
be ing a s p h e r i c a l  one. The s t a t e  funct ions U, S, and A depend on T and C, so  tha t  the second law of t h e r m o -  
d y n a m i c s  a p p e a r s  in the  f o r m  

: ~ - -  pMoT - -  pM, : E1 - -  T - '  (q. grad T) ~ 0. (40) 

The a :  e t e r m  in e x p r e s s i o n  (40) fo r  this  model  t r a n s f o r n l s  to 

o : ~ = s , : e l + s l : ~ t q - s v : e ,  where s l q - s ~ = o  (41) 

I n s e r t i n g  e x p r e s s i o n s  (2), (3), and (41) into e x p r e s s i o n  (40) y ie lds  the inequal i ty  
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Sv : g -~  Sl ; el -~ (Sa : 1) - -  - T - - -  T-~ (q.grad T) ~ 0. (42) a In C t Ca : el -~ 20~1. C1 : gl - -  P/]4o'T - -  (sl *- I) 0 In Q 
0Ca 2 aT 

This inequality, after appropriate simplifications analogous to those made in inequality (28), splits into the 
relations 

q - - - - A g r a d T ,  A ~ 0 ,  S . . . .  aA (s~: l )  a l n C  t 

OT 2p OT 
(43) 

( . .  1( .1.c  )-1 Sl-- -2  p " ~ - -  : C 1 ] + 0 C W  : Cl - -  d l n C  t . C a_2 , o  OA C 
0C1 aC-~-" ~' 

s , : e ~ 0 .  (44) 

The simplest linear dependence of the sv-tensor on e which satisfies inequality (44) is 

s. = ~ (r ,  q )  (~ : l) l + 2q (r ,  Cl) ~, ~!~ 0, q ~> 0. (45) 

Relations (43)-(45) are the sought determining equations for this model. They can be greatly simplified 
by a change from the independent thermodynamic variables (T, C I) to the variables (T, C). After this change, 
Fqs. (43)-(45) become 

q = - - A g r a d T ,  A ~ 0 ,  A = A ( T ,  C), S=--OA/OT, (46) 

s,=--29C.0A/aC, s~=s~(T, C, e), s ~ : e ~ 0 ,  

There arises the question: which of the models considered here is preferable ? The models ib and ic 
differ in that the total strain due to instantaneous heating (thermal shock) of a free beam without load is in the 
first case equal to the instantaneously appearing thermal strain, which then does not change with time, while 
in the second case it will relax, i.e., change with time from its initial magnitude to that of the thermal strain. 
On the basis of this difference, one can in an appropriately set up experiment establish which of these two mo- 
dels is suitable for describing a specific rubberlike material. 

i. 

2. 

3. 

4. 
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